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Abstract. Some concepts, such as non-compactness measure and condensing operators, defined
on metric spaces are extended to uniform spaces. Such extensions allow us to locate, in the context
of uniform spaces, some classical results existing in nonlinear analysis. An application of our results
is given for operators defined on locally convex spaces. The main aim of this work is to unify some
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1 Introduction
The concept of non-compactness measure was introduced by Kuratowski in [18] to characterize relative
compact sets as those whose non-compactness measure equals zero. This measure was used by Sad-
owskii in [24] to define condensing function in a Banach space, whereby he generalized the well-known
Schauder fixed point theorem [26]. Later, by extending the definition of non-compactness measure to
locally convex spaces, in [16] Himmelberg et al. proved a fixed point theorem for condensing functions
in locally convex spaces, generalizing even the corresponding result by Tychonov in [28]. Nowdays,
condensing functions and multi-functions have been defined on metric and topological vector spaces
and significant results have been obtained. On the other hand, since the Banach contraction principle
[1] and Brouwer work [5] were published, fixed point theory has been developed for operators defined
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2on complete metric and topological vector spaces. Some remarkable works on this subject, among
others, are the articles of Darbo [9], Kakutani [17], Schauder [26] and Tychonoff [28]. Even though
completeness is defined for both metric and topological linear spaces, some metric spaces are not
linear and some linear spaces are not metrizable. Due to the convenience of establishing results as
the aforementioned in a unified way, the main aim of this paper is addressing attention in developing
concepts such as non-compactness measure and condensing multi-function into a structure containing
both of these class of spaces, namely the uniform structure. Uniform spaces have been studied by
various authors in different contexts. The importance of these structures lies in the fact that a wide
variety of classes of topological spaces are included in this category. For example, metric spaces,
Hausdorff topological vector spaces and Menger (probabilistic) metric spaces are particular cases of
uniform spaces. In [11] Fang proved that these classes are F -type topological spaces, which, according
to Hamel [15] (see also [14]), coincides with the category of uniform spaces.
We are interested in studying topological properties of multi-functions taking values in a uniform
space. To this end, the Hausdorff topology on the closed and bounded subsets of the space is con-
sidered. It is well-known that this topology is generated by a family of pseudo metrics (Hausdorff
pseudometrics), consequently it is uniform as well. We use these concepts to define weak lower and
upper semi-continuity for multi-functions, moreover their relation with the continuity with respect
to the Hausdorff topology is studied. By extending the definition of non-compactness measure to
uniform spaces, we are able to characterize the relative compactness of subsets as those sets having
non-compactness measure equal to zero and condensing functions and multi functions can be defined.
Such extensions allow us to locate, in the context of uniform spaces, some classical results existing
in nonlinear analysis. Caristi and Bishop and Phelps results have been extended, by some authors,
for operators taking values in a uniform space (see for example, [4, 14, 15, 20, 21]). We revisit some
of these works in order to expand the range of situations where new versions of these results can be
applied.
Including this introduction, the paper is divided in six sections. In Section 2, some preliminary
definitions, notations and facts are stated in order to prove results in subsequence sections. Section
3 is devoted to study relations among the different type of semi-continuities and the continuity of
multi-functions according to the Hausdorff topology. The non-compactness and condensing concepts
for uniform spaces are introducing in Section 4, along with some of the main results of this paper. In
Section 5, extended versions of Caristi’s theorem are presented and finally, we devote Section 6 for an
application of some our results to multi-functions defined on locally convex spaces.
2 Preliminaries
In all of this work, (X,U) stands for a uniform space. For each x ∈ X , A ⊆ X and U ∈ U , we denote
U [x] = {y ∈ X : (x, y) ∈ U} and U [A] =
⋃
x∈A U [x]. We consider X endowed with the topology
3induced by U . A subset B of X is said to be bounded, if there exist x ∈ X and U ∈ U such that
B ⊆ U [x]. We denote by B(X) the family of all bounded subsets of X and by C(X) the family of all
closed and nonempty subsets of X . Let CB(X) = C(X) ∩ B(X). On CB(X) a family H = {HU}U∈U
is defined as follows:
HU = {(A,B) ∈ CB(X)× CB(X) : A ⊆ U [B] and B ⊆ U [A]}.
It is well known, see [7] for instance, that H is a fundamental system of entourages for a uniformity on
CB(X). The topology on CB(X) induced by H is referred to as the H-topology and continuity with
respect to this topology is referred to as H-continuity. Let K(X) denote the family of all nonempty
compact subsets ofX . Since K(X) ⊆ CB(X), we consider K(X) endowed with the inducedH-topology.
In [25] it is proved that K(X) is H-complete, if and only if, (X,U) so is.
It is well-known that the uniformity U is generated by a family of pseudo metrics {dλ}λ∈Λ on X .
As usual, for each λ ∈ Λ, a ∈ A, ǫ > 0 and A ∈ CB(X), we denote Bλ(a, ǫ) = {x ∈ X : dλ(a, x) < ǫ}
and Bλ(A, ǫ) =
⋃
x∈A Bλ(x, ǫ). It is assumed that the family {dλ}λ∈Λ is saturated, which means that
the following condition holds:
(S) For each λ, µ ∈ Λ, there exists ν ∈ Λ such that max{dλ(x, y), dµ(x, y)} ≤ dν(x, y), for all x, y ∈ X .
This condition implies that a set G ⊆ X is open, whenever for each a ∈ G there exist λ ∈ Λ and ǫ > 0
such that Bλ(a, ǫ) ⊆ G. As showed in Section §1.2, Chapter IX in [3], condition (S) is not a restriction
on the topology of X . That is, when the family of pseudo metrics does not satisfy condition (S), we
can find such a family satisfying this condition and generating the same topology.
It is easy to see (see Theorem II-12 in [7], for instance) that the H-topology on CB(X) is generated
by the family of pseudo metrics {Hλ}λ∈Λ defined by
Hλ(A,B) = max
{
sup
x∈A
dλ(x,B), sup
y∈B
dλ(y,A)
}
,
where, as usual for A ∈ CB(X), a ∈ A and λ ∈ Λ, dλ(a,A) = infx∈A dλ(a, x). In the sequel, these
notations are maintained.
Remark Observe that, for all A,B ∈ CB(X) and λ ∈ Λ,
Hλ(A,B) = inf{ǫ > 0 : A ⊆ Bλ(B, ǫ), B ⊆ Bλ(A, ǫ)}.
Let E be a set and T : E → C(X) be a multi-function. For any B ⊂ X , the inverse image of B
under T is defined by T−1(B) = {x ∈ E : Tx ∩ B 6= ∅} and for each A ⊆ E the image of A by T is
defined as T (A) =
⋃
x∈A Tx. Next, suppose E is a topological space. The multi-function T is said to
be lower (respectively, upper) semi-continuous, if for any open subset G (respectively, closed subset
F ) of X , T−1(G) is an open (respectively, T−1(F ) is a closed) subset of E.
43 Semi-continuity and H-continuity
Proposition 1 Let E be a topological space and T : E → CB(X) an H-continuous multi-function.
Then, T is lower semi-continuous.
Proof Let a ∈ E and G be an open subset of X such that Ta ∩ G 6= ∅. Hence, there exist x0 ∈ Ta
and U ∈ U such that Ta ∩ U−1[x0] 6= ∅ and U−1[x0] ⊆ G. Since T is continuous at a, with respect
to the H-topology, there exists Va neighborhood of a such that (Tu, Ta) ∈ HU , if u ∈ Va. Hence for
each u ∈ Va, we have x0 ∈ Ta ⊆ U [Tu] and consequently ∅ 6= Tu∩U−1[x0] ⊆ Tu∩G. This concludes
the proof.
Let K(X) denote the family of all compact nonempty subsets of X . Since K(X) ⊆ CB(X), we
consider K(X) endowed with the induced H-topology.
Theorem 2 Let E be a topological space and T : E → K(X) a multi-function. Then, T is lower
and upper semi-continuous, if and only if, T is continuous with respect to the induced H-topology on
K(X).
Proof Let us assume T is a lower and upper semi-continuous multi-function. Let a ∈ E, U ∈ U
and V ∈ U such that V ◦ V −1 ⊆ U . We have Ta ⊆ V [Ta] and due to T is upper semi-continuous,
there exists Va neighborhood of a such that, for each u ∈ Va, Tu ⊆ V [Ta] ⊆ (V ◦ V −1)[Ta]. On
the other hand, Ta is compact and hence there exist x1, . . . , xr ∈ Ta such that Ta ⊆ G, where
G = V [x1] ∪ · · · ∪ V [xr ]. Since for all i ∈ {1, . . . , r}, Ta ∩ V [xi] 6= ∅, the lower semi-continuity of
T implies there exists Wa neighborhood of a such that, for each u ∈ Wa, Tu ∩ V [xi] 6= ∅, for all
i ∈ {1, . . . , r}. That is, for each u ∈ Wa, there exist y1, . . . , yr ∈ Tu such that for all i ∈ {1, . . . , r},
yi ∈ V [xi]. Hence
Ta ⊆
r⋃
i=1
V [xi] ⊆
r⋃
i=1
(V ◦ V −1)[yi] ⊆
⋃
y∈Tu
U [y].
We have proved that for each u ∈ Va ∩Wa, Tu ⊆ U [Ta] and Ta ⊆ U [Tu]. Thus, T is continuous at a
according with the H-topology.
Next, we assume T is continuous according to the H-topology on K(X). From Proposition 1, T is
lower semi-continuous. Let us prove that T is upper semi-continuous. Let a ∈ X and G be an open
subset of X such that Ta ⊆ G. Since X is a uniform space and Ta is compact (see Proposition 4,
Section §4.3, Chapter II in [2], for instance), there exists U ∈ U such that U [Ta] ⊆ G. By assumption,
there exists Va neighborhood of a such that Tu ⊆ U [Ta] (and Ta ⊆ U [Tu]) if u ∈ Va. Hence, for all
u ∈ Va, T (u) ⊆ G, i.e., T is upper semi-continuous and therefore the proof is complete.
LetD be a subset ofX and T : D → C(X) a multi-function. We say T is weakly lower (respectively,
upper) semi-continuous, if for each λ ∈ Λ and α ≥ 0, the set {x ∈ D : dλ(x, T (x)) < α} (respectively,
5{x ∈ D : dλ(x, T (x)) > α}) is open, and we say T is weakly continuous, if T is both weakly lower and
weakly upper semi-continuous.
Theorem 3 Let D be a subset of X and T : D → C(X) a multi-function.
(3.1) If T is lower semi-continuous, then T is weakly lower semi-continuous.
(3.2) If T is upper semi-continuous, then T is weakly upper semi-continuous.
Proof Let λ ∈ Λ and α ≥ 0. Suppose T is lower semi-continuous and define A = {x ∈ D : dλ(x, Tx) <
α}. In order to prove that A is an open set, suppose A 6= ∅ and choose a ∈ A. Let ǫ = α− dλ(a, Ta)
and y ∈ Ta such that dλ(a, y) < ǫ/3 + dλ(a, Ta). Since T is lower semi-continuous, there exists a
neighborhood V ′a of a such that Tu∩Bλ(y, ǫ/3) 6= ∅, for all u ∈ V
′
a. Let Va = V
′
a ∩Bλ(a, ǫ/3), u ∈ Va
and bu ∈ Tu ∩ Bλ(y, ǫ/3). We have dλ(u, bu) ≤ dλ(u, a) + dλ(a, y) + dλ(y, bu) < α and consequently,
dλ(u, Tu) < α. This proves that A is an open set and therefore, (3.1) holds.
Next we define A = {x ∈ D : dλ(x, Tx) > α}. Let a ∈ A and choose β, γ ∈ R such that γ > β > α
and dλ(a, Ta) > γ. Let G = {x ∈ D : dλ(x, Ta) < (γ − β)/2}. Since Ta ⊆ G, G is open and T is
upper semi-continuous, there exists V ′a neighborhood of a such that for each x ∈ V
′
a, Tx ⊆ G. This
implies that for each x ∈ V ′a and each y ∈ Tx, dλ(y, Ta) < (γ − β)/2. Hence,
γ < dλ(a, Ta) ≤ dλ(a, y) + dλ(y, Ta) < dλ(a, y) + (γ − β)/2.
Thus, dλ(a, y) > (γ + β)/2 and consequently, dλ(a, Tx) ≥ (γ + β)/2. Let Va = V ′a ∩Bλ(a, β − α) and
note that for each x ∈ Va,
β < dλ(a, Tx) ≤ dλ(a, x) + dλ(x, Tx) < β − α+ dλ(x, Tx).
This proves that Va ⊆ A and therefore, A is an open set, which concludes the proof.
Remark As shown in [12], even though X is a metric space, there exist weakly continuous multi-
functions, which are not lower or upper semi-continuous multi-functions.
Theorem 4 Let E be a subset of X and T : E → CB(X) be a H-continuous multi-function. Then,
T is weakly continuous.
Proof Let λ ∈ Λ, u, v ∈ E, ǫ > 0 and yǫ ∈ T (v) such that dλ(v, yǫ) < dλ(v, T (v)) + ǫ. Hence,
dλ(u, T (u)) ≤ dλ(u, v) + dλ(v, yǫ) + dλ(yǫ, T (u))
< dλ(u, v) + dλ(v, T (v)) + ǫ+Hλ(T (v), T (u)).
Consequently,
|dλ(u, T (u))− dλ(v, T (v))| ≤ dλ(u, v) +Hλ(T (v), T (u))
and therefore, the weak continuity of T is directly obtained.
64 Non-compactness measure
In accordance with the uniformity generating the topology of X , a subset D of X is precompact, if for
each λ ∈ Λ and ǫ > 0, there exist x1, . . . , xr ∈ X such that D ⊆ Bλ(x1, ǫ)∪ · · · ∪Bλ(xr, ǫ). Moreover,
a filter F on X is a Cauchy filter (c.f. [2]), if for each λ ∈ Λ and ǫ > 0, there exist A ∈ F such that
A×A ⊆ U(λ, ǫ), where U(λ, ǫ) = {(x, y) ∈ X ×X : dλ(x, y) < ǫ}.
A non-compactness measure α : B(X)→ [0,∞[ is defined as α(A) = inf{ǫ > 0 : C(ǫ) ∋ A}, where
for ǫ > 0, C(ǫ) is the family of all A ∈ B(X) such that for each λ ∈ Λ, there exist x1, . . . , xr ∈ X such
that A ⊆ Bλ(xi, ǫ/2) ∪ · · · ∪ Bλ(xr, ǫ/2). From Theorem 3, Section §4.2, Chapter II in [2], A ∈ B(X)
is precompact, if and only if, α(A) = 0.
It is easy to see the following three properties hold:
a) α(A) ≤ α(B) whenever A ⊆ B, (B ∈ B(X)).
b) α(A ∪B) = max{α(A), α(B)}, (A,B ∈ B(X)).
c) α(A) = α(A), (A ∈ B(X)).
d) α
(⋂
λ∈Λ Bλ(A, ǫ)
)
≤ α(A) + ǫ, (A ∈ B(X), ǫ > 0).
Theorem 5 below extends a classical result (Theorem 1’) by Kuratowski in [18].
Theorem 5 Suppose X is complete. Let B be a filter base on X such that B ⊆ CB(X), E =
⋂
B∈B B,
and suppose inf{α(B) : B ∈ B} = 0. Then, E is compact and nonempty, and B converges to E in the
H-topology, i.e. for each λ ∈ Λ and ǫ > 0, there exists B ∈ B such that Hλ(B,E) < ǫ.
Proof Since E is closed, X is complete and α(E) = 0, we have E is compact. Let F be the filter
generated by B, i.e., F = {A ⊆ X : ∃B ∈ B, B ⊆ A}. In order to prove E is nonempty, let us denote
by F∗ a ultrafilter such that F ⊆ F∗. By assumption, for each ǫ > 0 there exists B ∈ B such that for
each λ ∈ Λ, there exist x1, . . . , xr ∈ X satisfying B ⊆ Bλ(x1, ǫ/2) ∪ · · · ∪ Bλ(xr , ǫ/2). Since B ∈ F∗,
one of these balls Bλ(x1, ǫ/2), . . . ,Bλ(xr, ǫ/2) belongs to F∗ (see Corollary in Section §6.4, Chapter I
in [2], for instance). Thus, F∗ is a Cauchy filter and consequently it converges to some point x∗ ∈ X .
But, {x∗} =
⋂
F∈F∗ F ⊆
⋂
F∈F F =
⋂
B∈B B and therefore E is non empty.
Next, we prove the convergence of B to E in the H-topology. Suppose there exist λ ∈ Λ and
ǫ > 0 such that for any B ∈ B, Hλ(B,E) > ǫ. Let L(ǫ, λ) = {x ∈ X : dλ(x,E) ≥ ǫ}. Since
Hλ(B,E) = supx∈B dλ(x,E), there exists x ∈ B such that dλ(x,E) > ǫ. Thus, for any B ∈ B,
B ∩ L(ǫ, λ) 6= ∅. This fact implies, B˜ = {B ∩ L(ǫ, λ) : B ∈ B} is a filter base on the complete uniform
space L(ǫ, λ). Moreover inf{α(B) : B ∈ B˜} = 0. Hence, by applying to B˜ what we have shown at the
first paragraph to B, we have ∅ 6=
⋂
B∈B˜
B =
⋂
B∈B B∩L(ǫ, λ) = E∩L(ǫ, λ), which is a contradiction.
Therefore, the proof is complete.
7Remark Note that whether B is countable, in Theorem 5, in order to
⋂
B∈B B is compact and
nonempty, it suffices that X is sequentially complete.
Let T : D ⊆ X → 2X be a multi-function. A point x ∈ D is said to be a fixed point of T , whenever
x ∈ Tx. We say that T is condensing, if T is continuous and for each A ⊆ D such that A ∈ B(X) and
α(A) > 0, we have T (A) ∈ B(X) and α(T (A)) < α(A).
Proposition 6 Suppose X is complete. Let D be a closed subset of X, T : D ⊆ X → CB(X) be
a weakly upper semi-continuous multi-function and for each λ ∈ Λ and η > 0, Bλ,η = {x ∈ D :
dλ(x, Tx) ≤ η}. Suppose for each λ ∈ Λ and η > 0, Bλ,η 6= ∅ and inf{α(Bλ,η) : λ ∈ Λ, η > 0} = 0.
Then, T has a fixed point.
Proof Since {dλ}λ∈Λ satisfies condition (S) and T is a weakly upper semi-continuous multi-function,
B = {Bλ,η : λ ∈ Λ, η > 0} is a filter base of closed and bounded subsets of the complete space D.
Hence, Theorem 5 implies
⋂
λ∈Λ,η>0Bλ,η 6= ∅ and therefore, due to T has closed images, T has a fixed
point.
Given a filter base A on a subset D of X , we denote by A′ the set of all its accumulation points,
i.e. x ∈ A′, if for any neighborhood V of x and A ∈ A, V ∩ A 6= ∅. An extension of an old result due
to Furi Vignoli [13] can be stated as follows.
Proposition 7 Let D be a complete subset of X, T : D ⊆ X → CB(X) a condensing weakly upper
semi-continuous multi-function and A ⊆ B(X) a filter base on D. Suppose inf{supx∈A,λ∈Λ dλ(x, Tx) :
A ∈ A} = 0. Then, A′ 6= ∅ and each point in A′ is a fixed point of T .
Proof Let ǫ > 0. From assumption, there exists A ∈ A such that supx∈A,λ∈Λ dλ(x, Tx) < ǫ. This
fact implies A ⊆
⋂
λ∈ΛBλ(T (A), ǫ) and hence, property d) implies that α(A) ≤ α(T (A)) + ǫ. Thus,
α(A) ≤ α(T (A)) and since T is condensing, we have α(A) = 0. The completeness of D implies that A
is compact and consequently A′ =
⋂
A∈AA 6= ∅. Note that from the assumption, for each η > 0, there
exists Aη ∈ A such that Aη ⊆
⋂
λBλ,η, where Bλ,η is defined as in Proposition 6. Since T is weakly
upper semi-continuous, Aη ⊆
⋂
λBλ,η and therefore, A
′ ⊆
⋂
λ∈Λ,η>0Bλ,η, concluding the proof due
to T has closed images.
We state below an extension of a known result in metric spaces.
Theorem 8 Let D ∈ CB(X) and T : D → 2D be a condensing multi-function. Then, there exists a
compact subset C of D such that T (C) ⊆ C.
Proof Let x0 ∈ D and Σ = {K ∈ CB(X) : x0 ∈ K ⊆ D and T (K) ⊆ K}. Due to D ∈ Σ, we have
Σ 6= ∅. Let B =
⋂
K∈ΣK and C = {x0} ∪ T (B). We have T (B) ⊆
⋂
K∈Σ T (K) ⊆ B and x0 ∈ B.
Moreover, since B is closed, C ⊆ B. Thus T (C) ⊆ T (B) ⊆ C, C ∈ Σ and B = C. From properties
8b) and c), we obtain α(C) = α(T (B)) = α(T (C)) and due to T is condensing, we have α(C) = 0 and
the proof is complete.
Let F = {kλ}λ∈Λ be a family of constants such that for each λ ∈ Λ, 0 ≤ kλ < 1, D a subset
of X and T : D → CB(X). We say T is an F -contractive multi-function, if for any x, y ∈ D and
λ ∈ Λ, Hλ(Tx, T y) ≤ kλdλ(x, y). Let k be a constant such that 0 < k < 1. We say T is a k-set
contraction, if T is continuous and for each A ⊆ D such that A ∈ B(X), we have T (A) ∈ B(X) and
α(T (A)) ≤ kα(A). Of course, every k-set contraction is condensing.
Theorem 9 Let F = {kλ}λ∈Λ be a family of nonnegative constants such that k = supλ∈Λ kλ < 1 and
T : X → K(X) be an F-contractive multi-function. Then, T is a k-set contraction.
Proof Let A ∈ CB(X) and ǫ = α(A). For each λ ∈ Λ and η > 0, there exist a1, . . . , ar ∈ X such
that A ⊆ Aλ1 ∪ · · · ∪ A
λ
r , where A
λ
i = Bλ(ai, η + ǫ/2), for i ∈ {1, . . . , r}. Hence, for each x ∈ A
λ
i ,
we have Hλ(Tx, Tai) ≤ kλdλ(x, ai) < kλ(η + ǫ/2) < η + kǫ/2. Thus, Tx ⊆ Bλ(Tai, η + kǫ/2)
and T (Aλi ) ⊆ Bλ(Tai, η + kǫ/2). Since Tai is compact, there exist bi1, . . . , bis ∈ Tai such that
Tai ⊆ Bλ(bi1, η) ∪ · · · ∪ Bλ(bis, η). Hence, T (Aλi ) ⊆ Bλ(bi1, 2η + kǫ/2) ∪ · · · ∪ Bλ(bis, 2η + kǫ/2) and
consequently, α(T (Aλi )) ≤ 2η + kǫ. But T (A) ⊆ T (A
λ
1 ) ∪ · · · ∪ T (A
λ
r ) along with property b) imply
α(T (A)) ≤ 2η + kǫ, for all η > 0. Accordingly, α(T (A)) ≤ kα(A) and the proof is complete.
Remark Let B ∈ CB(X) be a non compact set and T : X → CB(X) be defined as Tx = B, for all
x ∈ X . We have, for any family F of nonnegative constants, T is an F -contractive multi-function,
which is not condensing. This example shows that it is not a strong condition, in Theorem 9, to
assume that T has compact images.
A well-known result by Nadler [22] is generalized as follows.
Theorem 10 Suppose X is sequentially complete and let T : X → CB(X) be an F-contractive multi-
function with F = {kλ;λ ∈ Λ} a family of nonnegative constants such that supλ∈Λ kλ < 1. Then, T
has a fixed point.
Proof Let {xn}n∈N be a Cauchy sequence with respect to the metric ρ defined, for x, y ∈ X , as
ρ(x, y) = supλ∈Λ dλ(x, y) ∧ 1. Hence, {xn}n∈N is a Cauchy sequence with respect to the uniformity
U = {U(λ, ǫ);λ ∈ Λ, ǫ > 0} and since X is sequentially complete, there exists x ∈ X such that
{xn}n∈N converges to x. Let ǫ > 0 and N ∈ N such that ρ(xm, xn) < ǫ whether m,n ≥ N . From the
lower semi-continuity of ρ(xm, ·), we have ρ(xm, x) ≤ ǫ, for each m ≥ N . This proves that {xn}n∈N
converges to x according to ρ and consequently (X, ρ) is a complete metric space.
Let Hρ be the Hausdorff metric on CB(X) defined from ρ. It is easy to see that for each A,B ∈
CB(X), Hρ(A,B) = supλ∈ΛHλ(A,B) ∧ 1 and consequently, according to H
ρ, T is a contraction. It
follows from Theorem 5 by Nadler [22] that there exists x∗ ∈ X such that x∗ ∈ T (x∗), which completes
the proof.
95 Extended versions of Caristi’s theorem
In this section, the space X is assumed complete with respect to U , i.e. any Cauchy filter base in X
converges.
Lemma 11 Let {ϕλ}λ∈Λ be a family of lower semi-continuous and bounded below functions from X
to R and  be a relation on X defined as follows: u  v, if and only if, for all λ ∈ Λ, dλ(u, v) ≤
ϕλ(u)−ϕλ(v). Then,  is a partial order relation on X and for each x0 ∈ X, there exists a maximal
element x∗ ∈ X such that x0  x
∗.
Proof It is easy to see that  is a partial order relation on X . For each x ∈ X , let I(x) =
{y ∈ X : x  y}. Since for each λ ∈ Λ, ϕλ is lower semi-continuous and I(x) =
⋂
λ∈Λ{y ∈ X :
ϕλ(y) + dλ(x, y) ≤ ϕλ(x)}, we have I(x) is closed. Fix x0 ∈ X , let C be a totally ordered subset of
I(x0) and B = {I(x) ∩ C : x ∈ C}. Hence, B is a filter base in I(x0). Let ǫ > 0. Because of for each
λ ∈ Λ, ϕλ is bounded below, there exists Lλ = inf{ϕλ(x) : x ∈ C}. Let us choose xλ ∈ C such that
ϕλ(xλ) < Lλ+ǫ and notice ϕλ is decreasing. Consequently, for xλ  u  v, we have ϕλ(u)−ϕλ(v) < ǫ
and hence dλ(u, v) < ǫ. This fact proves B is a Cauchy filter base in I(x0) and thus it converges to
some v ∈ I(x0). Since for each x ∈ C, I(x) is closed, we have {v} =
⋂
x∈C I(x) ∩ C ⊆
⋂
x∈C I(x)
and hence v is an upper bound of C. Therefore, by Zorn’s Lemma there exists a maximal element
x∗ ∈ I(x0), concluding de proof.
Remark Lemma of Mizoguchi in [20] could have been used to prove Lemma 11. However, for the
sake of completeness, we preferred to give an independent proof. On the other hand, when for
each λ ∈ Λ, ϕλ = ϕ does not depend on λ, the proof of the above lemma could be carried out by
defining a suitable sequence instead of a filter base. In this case, this lemma requires only sequentially
completeness instead of completeness.
Theorem 12 below gives two extended versions of Caristi’s theorem. In particular, Theorem 1 by
Mizogushi in [20], which is an improved version of Caristi’s Theorem [6], is generalized by means of
(12.1) below.
Theorem 12 Let T : X → C(X) be a multivalued function and suppose for each λ ∈ Λ, ϕλ : X → R
is a lower semi-continuous and bounded below function. Then, the following two propositions hold:
(12.1) If for each x ∈ X, there exists y ∈ Tx such that for each λ ∈ Λ, dλ(x, y) ≤ ϕλ(x) − ϕλ(y),
then, T has a fixed point.
(12.2) If for each x ∈ X, each y ∈ Tx and each λ ∈ Λ, dλ(x, y) ≤ ϕλ(x) − ϕλ(y), then, there exists
x∗ ∈ X such that {x∗} = Tx∗.
Proof From Lemma 11, there exists a maximal element x∗ ∈ X and from assumption in (12.1), there
exists y ∈ Tx∗ such that x∗  y. Since x∗ is maximal, we have x∗ = y and hence x∗ ∈ Tx∗. Therefore,
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(12.1) holds.
Let us prove (12.2). Let x∗ ∈ X the maximal element of X . Since Tx∗ is nonempty, assumption
in (12.2) implies that there exists y ∈ Tx∗ such that x∗  y. Thus x∗ = y and {x∗} ⊆ Tx∗. By
applying assumption in (12.2) again and the maximality of x∗, we have T (x∗) ⊆ {x∗} and the proof
is complete.
When the functions ϕλ, in Theorem 12, does not depend on λ ∈ Λ, this theorem coincides with
Theorem 2 by Hamel in [14]. Even, in this case, it is only required X to be sequentially complete.
However, as we think in the proof of Corollary 14 below, it is a great limitation to assume all the
functions ϕλ are equal.
The following corollary follows from Theorem 12 and is an extension of the well-known theorem
by Caristi [8] for single valued functions.
Corollary 13 Let f : X → X be an arbitrary function. Suppose for each λ ∈ Λ, ϕλ : X → R
is a lower semi-continuous and bounded below function such that for each x ∈ X, dλ(x, f(x)) ≤
ϕλ(x)− ϕλ(f(x)). Then, there exists x∗ ∈ X such that f(x∗) = x∗.
Corollaries 14 and 15 below are extensions of the classical Banach contraction principle.
Corollary 14 Let F = {kλ}λ∈Λ be a family of constants such that for each λ ∈ Λ, 0 ≤ kλ < 1 and
T : X → K(X) be an F-contractive multi-function. Then, T has a fixed point.
Proof For each x ∈ X , λ ∈ Λ and η > 0, let Cλ,η(x) = {y ∈ Tx : dλ(x, y) ≤ dλ(x, Tx) + η}. Since
{dλ}λ∈Λ satisfies condition (S), for each x ∈ C, λ, µ ∈ Λ and η1, η2 > 0, there exists ν ∈ Λ such that
Cν,η(x) ⊆ Cλ,η1(x) ∩ Cµ,η2(x), where η = min{dλ(x, Tx) + η1, dµ(x, Tx) + η2}. Thus, {Cλ,η(x)}λ∈Λ
is a filter base of compact subsets of Tx and hence
⋂
λ∈Λ,η>0 Cλ,η(x) is nonempty. Consequently, for
each x ∈ X , there exists f(x) ∈ Tx such that dλ(x, Tx) = dλ(x, f(x)), for all λ ∈ Λ. We have
dλ(f(x), T f(x)) ≤ H
λ(Tx, T f(x)) ≤ kλdλ(x, f(x))
and hence, by defining ϕλ : X → R as ϕλ(x) = dλ(x, Tx)/(1 − kλ), we obtain
dλ(x, f(x)) ≤ ϕλ(x)− ϕλ(f(x)).
Moreover T is H-continuous. Hence, Theorems 2 and 3 imply that ϕλ is lower semi-continuous and
from Corollary 13, there exists x∗ ∈ X such that f(x∗) = x∗. Therefore, x∗ ∈ Tx∗ and the proof is
complete.
Remark Note that the functions ϕλ in Corollary 14 depend on λ not only through νλ = 1− kλ, but
also due to dλ. Hence, this corollary cannot be obtained from Theorem 1 by Mizoguchi in [20].
Corollary 14 enables us to obtain the following old result by Tarafdar in [27].
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Corollary 15 Let F = {kλ}λ∈Λ be a family of constants such that for each λ ∈ Λ, 0 ≤ kλ < 1 and
f : X → X be an F-contractive function, i.e. for any x, y ∈ X, dλ(f(x), f(y)) ≤ kλdλ(x, y). Then,
there exists a unique x∗ ∈ X such that f(x∗) = x∗.
Proof From Corollary 14, there exists x∗ ∈ X such that f(x∗) = x∗. Suppose x∗∗ is another fixed
point of f . Hence dλ(x
∗, x∗∗) = dλ(f(x
∗), f(x∗∗)) ≤ kλdλ(x
∗, x∗∗) and hence uniqueness follows due
to for all λ ∈ Λ, dλ(x∗, x∗∗) = 0. Therefore, the proof is complete.
Next we state an extended version of the Bishop-Phelps theorem as follows.
Theorem 16 For each λ ∈ Λ, let ϕλ : X → R be a lower semi-continuous and bounded below
function. Then, for each x0 ∈ X, there exists x∗ ∈ X such that the following two conditions hold:
(16.1) for any λ ∈ Λ, ϕλ(x∗) + dλ(x0, x∗) ≤ ϕλ(x0); and
(16.2) for each x ∈ X with x 6= x∗, there exists µ ∈ Λ satisfying ϕµ(x∗) < ϕµ(x) + dµ(x, x∗).
Proof Let x0 ∈ X . From Lemma 11, there exists a maximal element x∗ ∈ X such that (16.1) is
satisfied. The maximality of x∗ implies condition (16.2), therefore the proof is complete.
Also, a generalization of Ekeland’s variational principle is given below. A function ϕ : X → R∪{∞}
is said to be proper, whenever there exists x0 ∈ X such that ϕ(x0) <∞.
Theorem 17 For each λ ∈ Λ, let ϕλ : X → R∪{∞} be a proper, lower semi-continuous and bounded
below function. Then, for each x0 ∈ X and every family {δλ}λ∈Λ of positive real numbers such that
ϕλ(x0) ≤ inf ϕλ(X) + δλ, there exists x
∗ ∈ X satisfying the following three conditions:
(17.1) for any λ ∈ Λ, ϕλ(x∗) ≤ ϕλ(x0);
(17.2) for any λ ∈ Λ, dλ(x0, x∗) ≤ δλ; and
(17.3) for each x ∈ X with x 6= x∗, there exists µ ∈ Λ satisfying ϕµ(x∗) < ϕµ(x) + dµ(x, x∗).
Proof Let x0 ∈ X and {δλ}λ∈Λ be a family of positive real numbers such that ϕλ(x0) ≤ inf ϕλ(X)+δλ.
Since each ϕλ is proper, for each λ ∈ Λ, inf ϕλ(X) < ∞ and thus, ϕλ(x0) < ∞. Let Y =
⋂
λ∈Λ{x ∈
X : ϕλ(x) ≤ ϕλ(x0)} and ϕ˜λ : Y → R the restriction of ϕλ to Y . Notice Y is closed in X and
consequently Y is complete. Hence, we can apply Theorem 16 to the family {ϕ˜λ}λ∈Λ and, since
x0 ∈ Y , there exists x∗ ∈ Y such that for any λ ∈ Λ,
ϕ˜λ(x
∗) + dλ(x0, x
∗) ≤ ϕ˜λ(x0). (1)
Moreover, for each x ∈ Y with x 6= x∗, there exists µ ∈ Λ such that
ϕ˜µ(x
∗) < ϕ˜µ(x) + dµ(x, x
∗). (2)
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Since x∗ ∈ Y , condition (17.1) holds. From (1) and the assumption, for each λ ∈ Λ, we have
ϕ˜λ(x
∗) + dλ(x0, x
∗) ≤ ϕ˜λ(x0) ≤ inf ϕλ(X) + δλ ≤ ϕλ(x
∗) + δλ,
which implies condition (17.2). Let us prove condition (17.3). From (2) this condition holds for all
x ∈ Y . Let x ∈ X \ Y . Hence, there exists µ ∈ Λ such that ϕµ(x0) < ϕµ(x) ≤ ϕµ(x) + dµ(x, x∗)
and since ϕµ(x
∗) ≤ ϕµ(x0), we have ϕµ(x∗) < ϕµ(x) + dµ(x, x∗). Therefore, for each x ∈ X ,
ϕµ(x
∗) < ϕµ(x) + dµ(x, x
∗), which concludes the proof.
The following corollary is useful to obtain some fixed point results under some inwardness condi-
tions.
Corollary 18 Let K be a closed subset of X, f : K → K an arbitrary function and T : K → C(X)
a multi-function. Suppose the following two conditions hold:
(18.1) T is weakly upper semi-continuous, and
(18.2) for each λ ∈ Λ and x ∈ X, dλ(f(x), T f(x)) ≤ dλ(x, Tx) + rλdλ(x, f(x)), whenever rλ < 0.
Then, there exists x∗ ∈ X such that f(x∗) = x∗.
Proof Since K is a closed subset of X and X is complete, K is complete. For each λ ∈ Λ, let
ϕλ : K → R such that ϕλ(x) = −dλ(x, Tx)/rλ. From (18.1), ϕλ is lower semi-continuous and
bounded below, and from (18.2) we have, dλ(x, f(x)) ≤ ϕλ(x)− ϕλ(f(x)). Therefore, from Corollary
13, there exists x∗ ∈ X such that f(x∗) = x∗ and the proof is complete.
6 Applications to locally convex spaces
In this section, X denotes a real or complex locally convex space endowed with a family {‖·‖λ}λ∈Λ
of semi norms defining the topology of X and for each Y ⊆ X , Q(Y ) stands for the family of all
nonempty, compact, convex subsets of X . Here, for each λ ∈ Λ, dλ is defined as dλ(x, y) = ‖x− y‖λ,
for (x, y) ∈ X ×X .
Lemma 19 Let A and B be two subsets of X and β be a scalar. Then
(i) α(A+B) ≤ α(A) + α(B).
(ii) α(βA) = |β|α(A).
(iii) α(co(A)) = α(A).
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Proof Conditions (i) and (ii) are easy to verify and we only prove condition (iii). We need to
prove that α(co(A)) ≤ α(A). Let ǫ = α(A), λ ∈ Λ, η > 0 and x1, . . . , xr ∈ X such that A ⊆
Bλ(x1, ǫ+ η) ∪ · · · ∪ Bλ(xr, ǫ+ η). We have
co(Bλ(x1, ǫ+ η) ∪ Bλ(x2, ǫ+ η)) = {tx1 + (1− t)x2 : 0 ≤ t ≤ 1}+Bλ(0, ǫ+ η)
and there exists 0 = t0 < t1 · · · < ts = 1 a partition of [0, 1] such that (ti − ti−1)‖x1 − x2‖λ < η.
Hence
co(Bλ(x1, ǫ+ η) ∪ Bλ(x2, ǫ+ η)) ⊆
s⋃
i=1
{tix1 + (1− ti)x2 : 0 ≤ t ≤ 1}+Bλ(0, ǫ+ 2η) (3)
and since
co(Bλ(x1, ǫ+ η) ∪ · · · ∪ Bλ(xr , ǫ+ η)) ⊆ co{Bλ(x1, ǫ+ η) ∪ co(Bλ(x2, ǫ+ η) ∪ · · · ∪ Bλ(xr , ǫ+ η))},
it follows from induction and (3) that there exist a finite subset F of X such that
co(Bλ(x1, ǫ+ η) ∪ · · · ∪ Bλ(xr , ǫ+ η)) ⊆ F +Bλ(0, ǫ+ 2η).
Consequently, α(co(A)) ≤ α(F + Bλ(0, ǫ + 2η)) ≤ ǫ + 2η, which completes the proof due to η > 0 is
arbitrary.
Lemma 20 Let C ∈ Q(X) and T : C → Q(C) be a continuous multi-function. Then, T has a fixed
point.
Proof It directly follows from Theorem 2 by Fan in [10].
The following result extends, to locally convex spaces and for continuous multi-functions, a known
theorem by Darbo in [9].
Theorem 21 Let D be a bounded, closed and convex subset of X and T : D → Q(D) be a condensing
multi-function. Then, T has a fixed point.
Proof Let x0 ∈ X and Σ = {K ∈ CB(X) : x0 ∈ K ⊂ D,K convex and T (K) ⊆ K}. Due to D ∈ Σ,
we have Σ 6= ∅. Let B =
⋂
K∈ΣK and C = co({x0} ∪ T (B)). We have T (B) ⊆
⋂
K∈Σ T (K) ⊆ B
and x0 ∈ B. Moreover, since B is closed and convex, C ⊆ B. Thus T (C) ⊆ T (B) ⊆ C, C ∈ Σ and
B = C. From property c) and (iii) in Lemma 19, we obtain α(C) = α(T (B)) = α(T (C)) and since T
is condensing, we have α(C) = 0. Since C ∈ Q(X) and T (C) ∈ Q(C), it follows from Lemma 20 that
T has a fixed point, which completes the proof.
For each K subset of X and x ∈ K, the inner set of K at x is defined as
IK(x) = x+ {c(y − x) : y ∈ K, c ≥ 1}.
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Also we define the envelope of IK(x) as
I˜K(x) =
⋃
z∈IK(x)
⋂
λ∈Λ,η>0
{t ∈ X : ‖t− z‖λ ≤ η‖t− x‖λ}.
Let T : K → C(X) be a function. We say T is inward (respectively, weakly inward), if for each x ∈ K,
T (x) ∈ IK(x) (respectively, T (x) ∈ I˜K(x)).
Theorem 22 below is an extension to locally convex spaces of an result by Mart´ınez-Ya´n˜ez in [19].
See also [23].
Theorem 22 Let F = {kλ;λ ∈ Λ} be a family of nonnegative constants and T : K ⊆ X → X be a
weakly inward F-contractive function. Then, T has a fixed point.
Proof For each λ ∈ Λ, choose ǫλ > 0 such that kλ < (1 − ǫλ)/(1 + ǫλ). Since T is weakly inward,
there exists f : K → K and c : K → R such that, for any λ ∈ Λ and x ∈ X ,
‖T (x)− x− c(x)(f(x) − x)‖λ ≤ ǫλ‖T (x)− x‖λ (4)
with c(x) ≥ 1. Let h(x) = 1/c(x), w(x) = (1− h(x))x + h(x)T (x), fix λ ∈ Λ and observe that
‖w(x)− x‖λ = h(x)‖T (x)− x‖λ and ‖w(x)− f(x)‖λ ≤ ǫλh(x)‖T (x)− x‖λ.
Hence ‖x− f(x)‖λ ≤ (1 + ǫλ)‖w(x) − x‖λ and accordingly
‖f(x)− T (f(x))‖λ ≤ ‖f(x)− w(x)‖λ + ‖w(x)− T (x)‖λ + ‖Tx− T (f(x))‖λ
≤ ǫλh(x)‖T (x)− x‖λ + (1− h(x))‖T (x)− x‖λ + kλ‖x− f(x)‖
= ‖T (x)− x‖λ + kλ‖x− f(x)‖ − (1− ǫλ)‖w(x) − x‖λ.
Consequently,
‖f(x)− T (f(x))‖λ ≤ ‖T (x)− x‖λ +
(
kλ −
1− ǫλ
1 + ǫλ
)
‖x− f(x)‖λ, (5)
and thus, Corollary 18 implies that there exists x∗ ∈ X such that f(x∗) = x∗. Since ǫλ ≤ 1, from
(4) we have, for any λ ∈ Λ, ‖T (x∗)− x∗‖λ = 0. Therefore, x∗ is a fixed point of T and the proof is
complete.
Acknowledgments This work was partially supported by FONDECYT grant 1120879 from the
Chilean government.
References
[1] S. Banach. Sur les ope´rations dans les ensembles abstraits et leur applications aux e´quations
inte´grales. Fundamenta. Mathematicae., Vol. 3(1):133–181, 1922.
15
[2] N. Bourbaki. Elements of Mathematics, General Topology. Part 1. Hermann, Paris, 1966.
[3] N. Bourbaki. Elements of Mathematics, General Topology. Part 2. Hermann, Paris, 1966.
[4] A. Brøndsted. On a lemma of Bishop and Phelps. Pacific Journal of Mathematics, 55(2):335–341,
1974.
[5] L.E.J. Brouwer. U¨ber abbildungen von mannigfaltigkeiten. Mathematische Annalen, 70:161–115,
1912.
[6] J. Caristi. Fixed point theorem for mappings satisfying inwardness conditions. Transactions of
the American Mathematical Society, Vol. 215:241–251, 1976.
[7] C. Castaing and M. Valadier. Convex Analysis and Measurable Multifunctions. Springer-Verlag,
Berlin, 1977.
[8] Ch. Castaing. Sur les multi-applications mesurables. Reveu franc¸aise d’informatique et de
recherche ope´rationnelle, Vol. 1(1):91–126, 1967.
[9] G. Darbo. Punti uniti in transformazioni a codominio non compacto. Rendiconti del Seminario
Matematico della Universita` di Padova, Tome 24:84–92, 1955.
[10] K. Fan. A generalization of Tychonoff’s fixed point theorem. Mathematische Annalen, Vol.
142:305–310, 1961.
[11] J.X. Fang. The variational principle and fixed point theorems in certain topological spaces.
Journal of Mathematical Analysis and Applications, Vol. 202:398–4120, 1996.
[12] R. Fierro, C. Mart´ınez, and E. Orellana. Weak conditions for existence of random fixed points.
Fixed Point Theory, Vol. 12(1):83–90, 2011.
[13] M. Furi and A. Vignoli. Fixed points for densifying mappings. Rendiconti Accademia Nazionale
Lincei, Vol. 47(6):465–467, 1969.
[14] A.H. Hamel. Equivalents to Ekelands variational principle in uniform spaces. Nonlinear Analysis.
Theory Methods & Applications, Vol. 62(5):913–924, 2005.
[15] A.H. Hamel and A. Lo¨hne. A minimal point theorem in uniform spaces. In R.P. Agarwal and
D. O’Regan, editors, Nonlinear Analysis and Applications: To V. Lakshmikantham on his 80th
Birthday, pages 577–593. Kluwer Academic Publisher, vol 1, 2003.
[16] C.J. Himmelberg, J.R. Porter, and F.S. Van Vleck. Fixed point theorems for condensing multi-
functions. Proceedings of the American Mathematical Society, Vol. 23:635–641, 1969.
[17] S. Kakutani. A generalization of Brouwer’s fixed point theorem. Duke Mathematical Journal,
Vol. 8(3):457–459, 1941.
[18] C. Kuratowski. Sur les espaces completes. Fundamenta Mathematicae, Vol. 15:301–309, 1930.
16
[19] C. Mart´ınez-Yanez. A remark on weakly inward contractions. Nonlinear Analysis. Theory Meth-
ods & Applications, Vol. 16(10):847–848, 1991.
[20] N. Mizoguchi. A generalization of Brøndsted’results and its applications. Proceedings of the
American Mathematical Society, Vol. 108(3):707–714, 1990.
[21] N. Mizoguchi and W. Takahashi. Fixed point theorems for multivalued mappings on complete
metric spaces. Journal of Mathematical Analysis and Applications, Vol. 141(1):177–188, 1989.
[22] S.B. Nadler. Multivalued contraction mappings. Pacific Journal of Mathematics, Vol. 30(2):475–
487, 1969.
[23] S. Reich. Fixed points in locally convex spaces. Mathematische Zeitschrift, Vol. 125(1):17–31,
1972.
[24] B.N. Sadovskii. A fixed point principle. Journal of Functional Analysis and its Applications, Vol.
1(2):151–153, 1977.
[25] J. Saint-Raymond. Topologie sur l’ensemble des compacts non vides d’un espace topologique
se´pare´. Se´minaire Choquet, Tome 9 (2, exp No. 21):1–6, 1969/70.
[26] J. Schauder. Der fixpunktsatz in funktionalrumen. Studia Math., Vol. 2:171–180, 1930.
[27] E. Tarafdar. An approach to fixed-point theorems on uniforms spaces. Transactions of the
American Mathematical Society, Vol. 74:209–225, 1974.
[28] A. Tychonoff. Ein fixpunktsatz. Mathematische Annalen, Vol. 111:767–776, 1935.
